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Abstract 
 In this study, the spreading of the hypergeometric-Gaussian type II beams in a turbulent atmosphere is developed in the 

paraxial approximation. Using the extended Huygens-Fresnel integral formula and based on the expression of the hard 

aperture, the theoretically of average intensity of the hypergeometric-Gaussian type II beams is derived. The axial average 

intensity profile is evaluated by altering the beam orders, the beams waist width, the turbulence strength, the radius of an 

aperture, the wavelength and the propagation distance. Numerical results show that these parameters have an interesting 

effect on intensity profile. Also, some special cases of average intensity of the hypergeometric-Gaussian type II beams are 

been extracted from the obtained results.  
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1. Introduction 
 More recently, such a new family of laser beams called the hypergeometric-Gaussian type II (HyGG-II) 

beams was introduced by Karimi et al. [1]. These beams are considered as a solution of paraxial wave equation 

like others kinds laser beams, as Bessel-Gauss (BG), Hypergeometric, Hypergeometric-Gaussian (HyGG), 

elegant Laguerre-Gauss (eLG), superposition of tow modified Bessel (MQBG), Hermite–Laguerre–Gaussian, 

and Mathieu beams. Under strong focusing, the HyGG-II beams carrying finite power and having better features 

than the BG beams. The HyGG, eLG, and MQBG beams can be regarded as special cases of the HyGG-II 

beams under some appropriate conditions of the source parameters. This beams family has a profile of intensity 

similar to dark hollow beams at the input plane.  

 During past years, the spreading of laser beams in a turbulent atmosphere has been widely studied both 

experimentally and theoretically due to their many practical applications [2-5]. When a laser beam propagates 

through the atmosphere, its quality is affected by turbulence. Consequently, it is important to determinate the 

propagation properties, such as average intensity, spreading, scintillation, propagation factor, spectral changes, 

and beam wander of a laser beam then its propagation in turbulent medium. Recently, a variety of investigations 

has been focused to develop and analyze the effect of a turbulent atmosphere on the propagation of various 

kinds laser beams [6-14], such as Li’s flat-topped [6], Bessel-modulated Gaussian [7], anomalous hollow [8], 

Ince–Gaussian beams [9], Hermite–Laguerre–Gaussian [10], and elegant Laguerre–Gaussian beams [11]. Up to 

now, to our knowledge, the average intensity of HyGG-II beams in a turbulent atmosphere has not been studied.  

 In this paper, we study the variations of axial intensity distribution of HyGG-II beams in a turbulent 

atmospheric and analyze the effect of the input and output parameters. An analytical expression of the axial 

intensity is derived by using the extended Huygens-Fresnel integral formula. Numerical results are given by 

using the obtained equation.  Finally, we outlined this paper by some conclusions. 
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2. Propagation properties of HyGG-II beams in a turbulent atmosphere  
 In this section, we will treat the propagation of HyGG-II beams in a turbulent atmosphere by determination of 

the analytical expression of the average intensity. Using the paraxial form of the extended Huygens-Fresnel, the 

average intensity at the output plane is given by [7-10] 
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where * is the complex conjugate, < > is the ensemble average over the turbulent media, a is the radius of the 

aperture, ),(  r  denotes, in the Rytov model, the random complex phase of spherical wave propagating from 

the source plane to the output plane, )0,(rE  
is the electric field of the laser beam at the source plane, z is the 

distance between the source plane and the receiver plane,   ,11 rr , and   , . The ensemble average term in 

last equation can be expressed as [2] 
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where for the Kolmogorov model,   5
3

22
0 545.0


 zkCn

 is the coherence length of a spherical wave propagating in 

the turbulent medium and 2

nC  is the refractive index structure constant, which characterizes the local strength of 

the turbulent atmosphere.  

The electric field of HyGG-II beams in the cylindrical coordinates system (r, , z) at the source plane z=0 is 

expressed by [1] 
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where A0 is a complex factor, (r,) are the polar coordinates, 0 is the waist width of the beam, exp(i|m|) is the 

phase term for the beams, p is a real number which  represents the parameter that determines the hollowness and 

m is the topological charge. When m=p=0, Eq. (3) is reduced to Gaussian beams, evidently. Figure 1 shows the 

variation of the intensity at the source plane with different values of hollowness parameter p. It can be seen from 

this figure that, the decreasing of p leads to more hollowness of the plot. Also, Figure 1 clearly shows that, the 

profile of the intensity of HyGG-II beams is similar to dark hollow beams.  

 

    
(a) (b) 

    
                                       (c)                     (d) 

Figure 1: Source plane intensity distribution of HyGG-II beams,  

with 0=0.002m, m=1 and (a) p=1.2, (b) p=2.2, (c) p=3.2, (d) p=4.2. 
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Substituting Eqs. (2) and (3) into Eq. (1), one obtains the average of the intensity at the output plane over the 

turbulent media 
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An exact analytical solution of this equation is not possible because the integral evaluation is complicated. For 

this reason, in the next section, we will use this last equation to determine only the axial intensity of the 

considered beams family. 

 

3. Axial intensity of HyGG-II beams in a turbulent atmosphere 
 We will evaluate the axial intensity distribution of the HyGG-II beams propagating in a turbulent atmosphere. 

Using of the following expression of the hard aperture function into a finite sum complex Gaussian functions 

[15] 
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where hA and hB
 
denote the expansion and Gaussian coefficients, respectively. M represents the number of the 

expansion terms and generally is equal to ten. 

For the propagation on the axis, we have , then, substituting Eq. (5) into Eq. (4), we can express the axial 

intensity in the following form  

 
   

 

  .cos
2

exp

2

11
exp

2

11
exp

1

!

1

1

21

!

1

1

2

4
,0

22

12

211

12

1212

0

21

2

222

0

2

0

2

122

0

2

00 0

2

0

2

0

11

2

0

'

0

2

00

2

02

0

22

2

'

'
21

'

'

'

' '

'








 


ddrrddrr
rr

r
z

ik

a

B
r

z

ik

a

B
e

AA
nm

p

nm

p

A
z

k
zI

mnmn

hhmi

M

h
h

M

h

h

n

n n

n

n

n n

n

m



 







































































































   



           (6) 

To solve the finite integral in the above equation, we use the following equality [7]  
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where 
mI  is the m- order modified Bessel function. So, Eq. (6) will transform into  
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where 
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Making use of the integral formula [16]  
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also using the definition of the confluent hypergeometric function [16] 
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and after tedious the calculation, Eq. (8) can be simplify by 
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where   denotes the gamma function.   

Using the identity 7.522 in [16] 
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Eq. (12) is equivalent to 
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where  xcbaF ;;;12  denotes the hypergeometric function which is defined by  
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Eq. (14) represents the analytical expression of the axial intensity of the HyGG-II beams propagating in a 

turbulent atmosphere. This equation shows that the axial intensity depends on the hollowness parameter, the 

topological charge, the wavelength, the parameter structure of the turbulence strength and the propagation 

distance.  

 There are three special cases of Eq. (14) that one can deduced immediately:  

- The first one is the case when p=m=0. In this case, Eq. (14) simplifies to  
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which is the axial intensity of a Gaussian beam propagating in a turbulent atmosphere. This result is consistent 

with Eq. (21) of Ref. [14].  

- The second one is the case for p=- m  a negative number. The HyGG-II beams reduce to a 

superposition of tow modified Bessel (MQBG) beams. In this case, we can write Eq. (14) in the following form 

 
     

   
.

1
;1;1,1

11

1

!

1

1

21

!

1

1

2

12

1

,0

21

4

0

'

121

1

1

2

'

11

2

0

'

0

2

00
2

2

02

02

0

2

2

'

'

'

'

' '

'



































































































mnmnmF
nmnm

AA
nm

m

nm

m

m
A

z

k
zI

nmnm

M

h
h

M

h

h

n

n n

n

n

n n

n

m

m
        (16) 

This last equation represents the axial intensity of MQBG beams propagating in a turbulent medium.  

- The third one is the case for 0p  even integer number. We find the analytical expression of the  

axial intensity of eLG beams propagating in a turbulent atmosphere. 

 

4. Results and discussions 
 In this section, we investigate the propagation properties of the HyGG-II beams in turbulence media, using 

the analytical expression derived in the previous section. In the intensity profile, we have normalized all the 

intensity results with respect their maxima.  
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 Figure 2 explores the effect of turbulence on distribution of axial intensity by changing the turbulent 

strengths. It can be seen that, the distribution of the intensity of HyGG-II beams increases up to a corresponding 

maximum zmax then decreases with the increasing of propagation distance.  

 

  
                                         (a)           (b) 

 

Figure 2: Normalized distribution of the on-axis average intensity of HyGG-II beams  

for two values of the topological charge (a) m=1, (b) m=2, with several different turbulent strengths.  

The others parameters are 0=0.05m, a=0.15m, p=2.2, and nm. 

 

 This corresponding maximum zmax of the profile increases with decreasing of the turbulent strengths. Also, 

from this figure, it can be observe that when the topological charge increases the average intensity increases.  

 We illustrate also in Figure 3 the on-axis average intensity for HyGG-II beams with different values of the 

hollowness parameter. From this figure, plotted as function of the axial distance from 0 to 10km, it is clear for 

every value of p, the corresponding maximum zmax of the normalized distribution of the intensity decreases 

while the hollowness parameter increases. 

 

 
                                         (a)                       (b) 

 

Figure 3: Normalized distribution of the on-axis average intensity of HyGG-II beams  

for two values of p (a) p=1.2, (b) p=3.2, with several different turbulent strengths.  

The others parameters are 0=0.05m, a=0.15m, m=1, and =1550nm. 
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 In Figure 4, normalized average intensity of HyGG-II beams is plotted as a function of the axial distance z at 

several wavelengths, in a turbulent atmosphere for selected values of the topological charge. Figure 4 shows 

that, the on-axis average intensity oscillates in the near field (z<1000m). The increased levels of wavelength, 

accelerates the oscillations number. Also, from this figure, it is clear that the profile of the on-axis intensity and 

the position of its maximum depend on the values of the wavelength. Furthermore, it can be seen that, although 

the variation of average intensity depends on the emitting aperture radius, as it increases with its increase. 

Finally, we give in Figure 5 the evolution of the normalized intensity of HyGG-II beams through a turbulent 

atmosphere. Figure 5 demonstrates clearly that, the increase of the beam waist width leads to the increase of the 

average intensity up to a corresponding maximum zmax then decreases with the increasing of propagation 

distance. From this figure, we can also observe that, the position of corresponding maximum zmax increases with 

the increasing of the beam waist width. 

 

  
                                         (a)                       (b) 

 

Figure 4: Normalized distribution of the on-axis average intensity of HyGG-II beams  

for two values of the emitting aperture radius (a) a=0.05m, (b) a=0.06m, with several different values of  .  

The others parameters are 0=0.05m, m=1, p=1.2, and 3
2

142 10.1


 mCn . 

 

  
                                       (a)                      (b) 

 

Figure 5: Normalized distribution of the on-axis average intensity of HyGG-II beams  

for two values of topological charge (a) m=1, (b) m=2, with several different values of waist width.  

The others parameters are =1550nm, a=0.15m, p=1.2, and 3
2

142 10.1


 mCn . 
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Conclusions  

 
 Based on the extended Huygens-Fresnel integral formula and the expression of the hard aperture, the axial 

propagation properties of HyGG-II beams in a turbulent atmospheric are investigated. The analytical expression 

for the average intensity of HyGG-II beams spreading trough a turbulent medium has been obtained. The results 

show that the axial intensity of HyGG-II beams changes with the variation of the beam order, the topological 

charge, the wavelengths, the turbulent strengths, and the beam waist width. Also, the average intensity of the 

fundamental Gaussian, the superposition of tow modified Bessel, and the elegant Laguerre-Gauss beams are 

been extracted from the obtained results as the special cases of the HyGG-II beams. 
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