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relaxation time T, of an assembly of weakly interacting ultrafine ferromagnetic particles
with uniaxial anisotropy, is investigated. In this regard, the resolution of the Fokker-
Panck equation (FPE) for the probability density W(6,p,t) of an assembly of ultrafine
ferromagnetic particles, with uniaxial anisotropy in the presence of an applied field
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’ in such system. In this part, calculation of the relaxation time, t, is performed under the
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1. Introduction

Superparamagnetique ultrafine particles have received much attention since several decades due to the wide
possibilities of their technological applications, and to fundamental questions on the basic of some observed
phenomena [1-9].

The effect of an external constant magnetic field, H, on the longitudinal relaxation time, T, of the
ferromagnetic nanoparticales having simple uniaxial anisotropy may be studied by calculating the smallest
nonvanishing eigenvalue A, (the escape rate) of the Fokker-Planck equation (FPE).

Relaxation time of ultrafine particles with uniaxial symmetry has been evaluated, from Brown’s model,
by Aharoni and Eisenstien [10, 11], Jones and Srivastava [12] and Bessais et al. [13], with the hypothesis that the
external magnetic field is zero or parallel to the magnetization easy direction axis (es). Later, these calculations
were done by Coffey et al. and Merup et al. in the case where the external magnetic field was supposed to be
oblique H(y) [14-16]. Recently, we have extended calculations to the case of an aleatory magnetic field H(w,$)
[17].

In this work, we used the mathematical method of discretisation to solve the asymptotic analytical formula
of the superparamagnetic relaxation time under the effect of a randomly oriented magnetic field for weakly
interacting ultrafine particles.

2. Mathematical model and method
2.1. Brown’s model

Fokker-Planck equation governs the time evolution of the density of magnetic moment orientation W(0,¢,t) on a
sphere of radius Ms (the mean magnetization of a nonrelaxing particle), the orientation of the magnetic moment
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M being specified by the spherical polar coordinates (0,p). For simple uniaxial anisotropy the ratio of the potential
energy vV to the thermal energy KgT may be expressed by the following equation:

BV =ali-(re,} |-&(re,) (1)

In this equation, p=v/KgT, v denoting the volume of the nanoparticule; a=Kv/KgT represents the
anisotropy parameter, KgT is the thermal energy; K the anisotropy constant, E=vMsH/KgT is the external field
parameter, 1, e; and ey are unit vectors in the direction of the magnetization vector M, the internal anisotropy (or
easy) axis, and H respectively. e, = H/ ||H|| = siny cos e, — sinyPsin e, + cosye,

The Néel equation time, which is the time required for the magnetization to surmount the potential barrier
given by Eq (1), is related to A, by the following equation [18, 19]:

TN
T= )\—1 2)
where A, is the smallest non-vanishing eigenvalue of the FPE and T, is the diffusional relaxation time given by
[19].

Ty = w 3)

2a’
In this equation a=myMs, with units such that ‘‘a’’ is a dimensionless damping parameter, in which 7 is
the phenomenological damping constant from Gilbert’s equation [20], and y denotes the gyromagnetic ratio.

2.2. Numerical calculation of the smallest non-vanishing eigenvalue A.of the FPE

The probability density distribution, W(8,p,t), of an assembly of ultrafine ferromagnetic particles of volume v,
with uniaxial anisotropy in the presence of an applied field H(v,¢) satisfies the FPE, and is given, in spherical
coordinates, by [19] :

W=L.,W (4)
where
1
Loy W o B 1bAW + bWAY 4o YW L VW) b (VW oV oW )
00 90 sin“ 0 dp A asinf{ 00 dp Jdp 00
In this equation A is the Laplacian in spherical coordinates and b = a y/(1+a*)Ms.

In the case of uniaxial symmetry, the anisotropy energy (Eq (1)) may be written as :

BV =asin® 0 — Ecos Ocos — Esin Bcos gsiny cos  + Esin Hsin psinsin ¢ (6)

The potential of Eq. (6) is non-axially symmetric unless if =0, so the gyroscopic terms expressed in
(@) in Eq. (5) will not vanish since (a) is of the order of 0.2 to 1. We will ignore these terms in a first
approximation [15]. Eq. (4) takes then the following form :

dw pV) W 1 9pV) oW
oo G- w ) (B2 BRI @

where t.=f/2b denotes the diffusional relaxation time.
A, is calculated by expanding the solution of Eq (7) as a series of spherical harmonics whence the calculation
reduces to a matrix eigenvalue problem. This is described in detail in Ref [17].

3. Asymptotic expression for A,

Consider a monodomain particle (i) of uniaxial symmetry, with magnetic moment w. . The other particles of the
system act on (i) via a dipolar field B; oriented at an angle 1 with e; considered as the easy magnetization axis
(figure 1) :
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Figure 1 : The field and magnetization orientations in terms of spherical polar coordinates.

The anisotropy energy can be expressed as:
E=Kvsin’0-[iB,

(®)

With the following variables change § = w. B{/Kp T, this energy may be written in the following form:

BE=asin’0-E [cos Bcosy + sinBcospsin cos — sin Bsincpsimpsinq)]

)

We can express the global minimum energy and the local maximum energy in the limit of weak
interactions in which & <<1. In this limit, minimum and maximum values are obtained for 6 =0 and 90

respectively.

When 0 is near to zero, sin 6 = tg 0

Expressing the derivative of Eq. 9 with respect to 6, (BE/98)=0, gives:
Sinf = h [(siny cosd)/(1+h cosy)], where h=&/2a.. h<<I, so sinf =h siny cos¢ ,
Consequently the minimum value of energy when 0 is near to zero, is :

BE, ., = —oc|_h2 sin cos” ¢+ 2hcost (10)
When 0 is near to 90-, a similar approximation to that used above leads to cos® =~-h cosy, and then:
BE, . = oc|_1 +h%cos?y —2hcosgsinypcosd+2h sincpsintpsinq)J (11)
The energy barrier AE=E,,,,—Eni, can be written as:
BAE = oc|_1 +h? (1 —sin?sin’ (|))+ 2hcosy - 2hcospsinycos ¢ + Zhsin psinysing. (12)
The transition probability to overcome the energy barrier is given by :
£, ¢, ¢) = (270, )" exp(- BAE) (13)
Integration of f (,¢,¢) with respect to ¢, gives:
2
f(lp,(]))= 10—1 exp- oc[l + h2(1 —sin*psin’ ¢)]>< {1 -Ecosy+ (%) (1 + coszxp)} (14)
And the relaxation time is given by:
o _ 1 0p.0) sinpdydy 15)
ffsiny dy do
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An integration first with respect to 1 gives:

“Tog

2
o =B Tep-afl+neas’) x|2s (@) (%—%ahzsm%) do (16)

and then with respect to ¢ leads to:

r=%(;—£72)expa[l—§<hz>(a—%ﬂ (17)

where I is the Bessel’s function such as: I (x)(x << l)= 1+
Finally T can be expressed as:
EZ
e s

a<h2> 2 3
4

1+

Where the parameter T, may be considered as approximately independent of the magnetic field [13]:

-5/2

ro=%ﬁb"1(l+%) (19)

The smallest nonvamling eigenvalue of the FPE may be expressed as a function of the relaxation time :

-1_-1
Me Ty T = Bo_ v (20)
2
The asymptotic expression A., of A,, may be derived from Eq (20) with the help of Egs (19) and (3), such as:

52

oh? 4a’h? o 2 (4
Ay=|1- + 1+—| exp-ol|l-h"|—a-1 21
S It B EE| *
2 212 5/2
Ay = (1—&;l +40L3h )(1+%) exp—a(1+h2) (22)

Eigenvalues were also calculated using the Linalg instruction and Maple library. The smallest non
vanishing eigenvalue was determined using the min (c, X [j]) instruction. The matrix order was 230*230.

Figures 2, give a comparison between the variation, as a function of a and for different values of h, of the
asymptotic expression, A, of A (Eq.(22)) and the numerical simulation. The corresponding curves show a very

good concordance in the case of weak fields.

Symptotic formula proposed by Coffey et al. is given by [16] :

_a(-h)(1+h)"
- mth

Ay exp—a(l ~hY) (23)

Our asymptotic formula matches with that of Coffey et al. for o>5 as shown on figures 3 :

Labzour et al., J. Mater. Environ. Sci., 2019, 10(5), pp. 478-484 481



1,0

(o4

AS': asymptotic formula, E: numerical simulation
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Figure 2: Variation of A; as a function of a, for Y= 90 and ¢=90, and for: A- h=0, B- h=0.1, C- h=0.15, D- h=0.2
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Figure 3: Variation of A; as a function of &, for W= 90 and $=90, and for: A- h=0.1; B- h=0.15; C- h=0.2.
AS': asymptotic formula, E: numerical simulation, ASC: asymptotic formula (Coffey et al.)

Conclusion

An asymptotic analytical formula of the relaxation time of an assembly of ultrafine particles with uniaxial
anisotropy experiencing a random oriented magnetic field has been derived. Results obtained are in good
concordance with those previously derived from a numerical approach, and published elsewhere [17]. Moreover,
our results disagree with those of Coffey et al. for anisotropy parameter (o) values inferior approximately to 6.

References

1. M. Ismail and R. Jabra, Investigation the parameters affecting on the synthesis of silver nanoparticles by
chemical reduction method and printing a conductive pattern, J. Mater. Environ. Sci., 8 (11) (2017) 4152-
4159.

2. E. Agouriane, A. Essoumhi, A. Razouk, M. Sahlaoui, M. Sajieddine, X-ray diffraction and Mossbauer studies
of NiFe204 nanoparticles obtained by co-precipitation method, J. Mater. Environ. Sci., 7 (12) (2016) 4614.

3. M. Osaci, M. Cacciola, Beilstein J. Nanotechnol., 6 (2015) 2173.

4. K. S. Rao, G. S. V. R. K. Choudary, K. H. Rao, Ch. Sujatha, Structural and Magnetic Properties of Ultrafine
CoFe204 Nanoparticles, Procedia Materials Science 10 (2015) 19-27,
https://doi.org/10.1016/j.mspro.2015.06.019 .

5.J. A. R. Guivar, A. I. Martinez, Ana Osorio Anaya, L. D. L. S. Valladares, L. L. Félix, A. B. Dominguez,
Advances in Nanoparticles, 3 (2014) 114.

6. S. Layek, M. Mohapatra, S. Anand, H. C. Verma, J Nanosci Nanotechnol, Mar; 13(3) (2013) 1834.

7. S. Merup, E. Brok, C. Frandsen, Spin Structures in Magnetic Nanoparticles, 2013 (2013) 8.

8. S. F. Chin, S. C. Pang, C. H. Tan, J. Mater. Environ. Sci., 2 (3) (2011) 299.

Labzour et al., J. Mater. Environ. Sci., 2019, 10(5), pp. 478-484 483



9. S. Mgrup, M. F. Hansen, C. Frandsen. Beilstein J Nanotechnol, 1 (2010) 182.

10. I. Eisenstein, A. Aharoni, Asymptotic superparamagnetic time constants for cubic anisotropy. II. Negative
anisotropy constant Phys. Rev. B, 16 (3) (1977) 1285-1290. https://doi.org/10.1103/PhysRevB.16.1285

11. A. Aharoni, I. Eisenstein, Asymptotic superparamagnetic time constants for cubic anisotropy. I. Positive
anisotropy Phys. Rev. B, 16 (1977) 1278-1284. https://doi.org/10.1103/PhysRevB.16.1278

12. D. H. Jones, K. K. P. Srivastava, A re-examination of models of superparamagnetic relaxation, Journal of
Magnetism and Magnetic Materials, 78 (1989) 320-328. https://doi.org/10.1016/0304-8853(89)90200-X

13. L. Bessais, J. L. Dormann, L. Ben Jaffel, Relaxation time of fine magnetic particles in uniaxial symmetry
Phys. Rev. B, 45 (14) (1992) 7805. https://doi.org/10.1103/PhysRevB.45.7805

14. W. T. Coffey, D. S. F. Grothers, J. L. Dormann, L. J. Geoghegan, E. C. Kennedy, Effect of an oblique magnetic
field on the superparamagnetic relaxation time. II. Influence of the gyromagnetic term, Phys. Rev. B, 58 (6)
(1998) 3249. https://doi.org/10.1103/PhysRevB.58.3249

15. W. T. Coffey, D. S. F. Grothers, J. L. Dormann, L. J. Geoghegan, Yu P. Kalmykof, J. T. Waldron, A. W.
Wickstead, The effect of an oblique magnetic field on the superparamagnetic relaxation time, Journal of
Magnetism and Magnetic Materials, 145 (1995) 1263-1267. https://doi.org/10.1016/0304-8853(94)00863-9

16. W. T. Coffey, D. S. F. Grothers, J. L. Dormann, L. J. Geoghegan, Yu P. Kalmykof, J. T. Waldron, A. W.
Wickstead, Effect of an oblique magnetic field on the superparamagnetic relaxation time, Phys. Rev. B, 52,
N 22 (1995) 15951. https://doi.org/10.1103/PhysRevB.52.15951

17. A. Housni, A. Labzour, S. Sayouri, A. Elmesbahi, K. Limame, Effect of a randomly oriented field on
superparamagnetic ultrafine particles, Thin Solid Films, 518 (2010) 6087-6092.
https://doi.org/10.1016/].tsf.2010.05.119

18. L. Néel, Théorie du trainage magnétique des ferromagnétiques en grains fins avec application aux terres 5
cuites, Ann. Geophys, 5 (1949) 99-136.

19. W. F. Brown Jr., Thermal Fluctuations of a Single-Domain Particle, Phys. Rev, 130 (5) (1963) 1677-1686.
https://doi.org/10.1103/PhysRev.130.1677

20. Gilbert S. Blevins, Walter Gordy, and William M. Fairbank, Superconductivity at Millimeter Wave
Frequencies, Phys. Rev. 100 (1955) 1215 - https://doi.org/10.1103/PhysRev.100.1215

(2019) ; http://www.jmaterenvironsci.com

Labzour et al., J. Mater. Environ. Sci., 2019, 10(5), pp. 478-484 484



